Estimates for pseudo-differential operators with non-regular double symbols a(x,y,) are proved in weighted jfi_ and Sobolev spaces. The results presented here are generalizations of those by C. Bourdaud t41.
The theorem is proved in Section 4, where we prove an extension of it, Theorem 3. We now turn to the case s = 0. Let R+ be the set of positive real numbers and let W :
x R+ R+ and fl :
x R+ x ..# R+ be two positive functions, which are slowly varying in the following sense: there exists a constant C > 0 such that w(t j ,t2 ) !^ Ci(ri ,r2 ), fl(t 1 ,t 2 ,t 3 ) :5 CQ(ri ,r2 ,r3 ) (4) whenever 0.5; < t, < 2;, i = 1,2,3. Suppose, that the symbol a satisfies for all multi-indices a with I°I < n + 1 the estimates 'a(x,y,)I !^ C0+ 10
1,h ô'a(x,y,)
: 
LP( w) 12
The unweighted case of part (b) of the lemma is due to Meyer [8] . His proof extends without any difficulties to the weighted case. Denote by Mf the Hardy-Littlewood maximal operator defined by MA X ) = sup(1/iBI)fIf(y)ldy where the supremum is taken over all balls B with center x. We need the following vector-valued maximal theorem (see Andersen and John [21) . Lemma 2. Let 1 < p < on and w E A,,. Then for each sequence {ft} of functions it holds
The following lemma is the basic estimate in our theory. For variants of it see Marschall [7] . 
Now, one has for each c > 0 
The lemma is now an easy consequence of the definition of the Besov space B('00 (see Bergh and
Löfström [3] 
• C2(61+62T2)_lnI_32 (7) It is an easy conseqence of the Littlewood-Paley decomposition for Hölder-Zygmund spaces of product type that the inclusion SI°552(rI,r2, N) 5, 52 (r j , r2 , N) holds (see Marschall [7] ,
We prove the following theorem, which includes Theorem 1. For the proof we need the following lemma, which belongs to the folciore.
Lemma 4. The following statements are true.
4. Proof of Theorem 3. STEP 1. Let f C S(R"). We decompose Op(a)f into 9 parts by using the Littlewood-Paleydecomposition of the symbol a and of 1. Let us denote by fk the part of f with spectrum contained in the annulus I -2'. Observe also that
holds for any symbol b with compact support in the c-variable and any g C S(R'1 ). In this formula, the spectrum of Op(b) g is related with the spectrum of b with respect to the x-variable and with whereas the spectrum of g is related with the spectrum of b with respect to the y-variable and with e. 
Then we obtain for s < (1 -6 2 )r2 , using Lemma 4(a), 
The spectrum of>',,4>.IOp(a,,,,k)gk is contained in the annulus I'iI .' 2'. Therefore, we get
CIIfIIu.
-I-ol).,.P() , if s < TI

II AsfIIH .,P(,) CIII IIH ._(
I_6 I) 11_( I_62)r2,P(w) , if s < min{r 1 , ( 1 -2)r2} II AOfIIH ..P(w) Cfjj..
p, , and in case -r 2 < s < r1
Since Al = Op(a) 1 the proof is complete U ak (x, y,
Then it holds
and hence
It follows by induction that w(2)_ k , 2 k ) < 22LIJI(2-k,2k), j e Z and therefore
.,eZ
Since the spectrum of Op(a) I is contained in the annulus ji7l -2 k , we get This completes the proof of the theorem I 6. Let us add some remarks concerning the sharpness of the theorems. The necessity of -(1 -61 )r ' < s < r 1 was shown by Bourdaud [4] for symbols independent of y. By duality, it follows that -r2 < s < (1 -2 )r2 is necessary, too. Wang and Li [10] have constructed a counterexample to the case N < n. The necessity of {w(2_k,2k)} E 1 2 goes back to Coifrnan and Meyer [6) . They used a modulus of continuityw(t) independent Of t 2, i.e. 
